SIMPLEST CUBIC FIELDS 
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Abstract. Let Q(a) be the simplest cubic field, it is known that 
Q(a) can be generated by adjoining a root of the irreducible equa- 
tion x 3 — kx 2 + (k — 3)x +1 = 0, where k belongs to Q. In this 
paper we have established a relationship between a, a' and k, k' 
where a is a root of the equation x 3 — kx 2 + (k — 3)x + 1 = 
and a' is a root of the same equation with k replaced by k! and 
Q(a) = Q(a'). 



1. Introduction 

Every simplest cubic field can be generated by adjoining a root of 
the equation [3] 

(1) x 3 - kx 2 + (k — 3)x + 1 = 0, 

for some suitable k, where k is a parameter belonging to set of ra- 
tional numbers. Conversely, the roots of (1), for some rational number 
k, are either rational or generate a simplest cubic field. 

It can be observed that two different values of parameters can gen- 
erate the same simplest cubic field. In this paper we will classify the 
parameters according to the corresponding simplest cubic fields. We 
also found the relation between the roots of equation (1) for different 
values of parameters belonging to the same class. 

We assert that these relations could be a step forward to understand 
about integral points on elliptic curves related to simples cubic fields 
® 

Each element u of Q(a) has the linear fractional representation u = 
where the determinant of u, denoted by det(u;), is defined as 
ad — be. An element u of Q(a) is rational if and only if det(o;) = 0. 

2. Relationship between a and a when Q(a) = Q(a') 

First we split the simplest cubic field into classes. Each elements of 
Q(a) is related to a linear fractional transformation / 6 PSL(2, Q) in 
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the way that all its conjugates can be obtained by applying f n , for some 
integer n, over u. We shall call this correspondence as "linear fractional 
transformation related to an element of Q(a)" . This correspondence 
defines an equivalence relation on Q(a) and each class corresponds to 
a unique element of PSL(2, Q). 

We call the equivalence class related to a linear fractional transfor- 
mation / as /-class. The following corollary is straightforward to see. 

Corollary 1. If uj G Q{p), then uj and its conjugates belong to the 
same f -class. 

The elements belonging to y-class, where y is defined as z i — > 
are instrumental in establishing a relationship between a, a' and k, k' 
where a is a root of Equation 1 and a' is a root of same equation with 
k replaced by k' and Q{a) = Q(a'). The following example shows an 
element belonging to y-class. 

Example 1. The roots of the equation x 3 — 3x 2 + 1=0 are given by 



where p = 2cos(7r/9) + 1. The algebraic number p belongs to y-class 

Note that in y-class there are more than one elements, for instance, 
for k = 3 the roots of Equation 1, are p = 2cos(7r/9) + 1, p — 
-cos(tt/9) + 1 - >/3sin(7r/9) and p" = -cos(tt/9) + 1 + y/3wi(ir/9) 
and the following two numbers belong to y-class 



are respectively satisfied by them. 

Lemma 1. An element oo of Q(a) belong to y-class if and only if it is 
a root of the irreducible equation x 3 — kx 2 + (k — 3)x + 1 = 0, where k 
is a rational number. 

Proof. Let u be an element of y-class so the other conjugates of u are 
^T~-i ~rr an d the equation satisfied by them is: 



5p-2 
2p + 3 



and 



3/0-1 
p + 2 



and the following equations 




(x — ou)(x 
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which can be simplified as 

x 3 - kx 2 + (k - 3)x + 1 = 
where k = uj + ^- Kr. Here k must be rational because it is evolved 

UJ ui — Y 

from the equation satisfied by uj, which is algebraic over Q of degree 
three. 

Conversely, let uj satisfy an irreducible equation of the form x 3 — 
kx 2 + (k — 3)x + 1 = 0, where A; is a rational number. Then the other 
two roots of the equation are and Moreover, (uj)y = , 

{' iL uT')y = (J-i) an( i {^zi)V = u i m ply that uj and its conjugates lie in 
the same triangle. □ 

Thus, corresponding to each "triplet of conjugates" of y-class there 
is a rational number k. We call such correspondence as the element of 
y-class with parameter k. 

We use the above classification of elements of |/-class to prove the 
following. 

Proposition 1. Elements of Q(a) belonging to y-class are of the form 
^ C+ C a+d C > W ^ ere c an d d are non-zero integers. 

Proof. Let uj = be any primitive element in Q(a), that is, ad— be ^ 
0. Then the conjugates of uj are given by 

, (a + b)a — a 
(c + d)a — c ' 

and 

„ ba — (a + b) 
da — (c + d) 

Our next aim is to find the values of a, b, c and d such that uj belongs 
to y-class, that is, when 

(2.1) (uj)y = uj' 

(cj')y = uj" 

W)y = uj. 

Now from the first of these equations, we get 

(a — c)a + {b — d) A(a + b)a — \a 
aa + b \{c + d)a — \c' 

which further yields the following four equations 

a(l - A) - c- Xb = 0, Xa + b-d = 0, 
a - A(c + d) = and b + Ac = 0. 
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But the det(^^j^) = det(u) which is possible if A = ±1. For 
A = —1, the above system of equations gives a = b = c = d = 0, 
contradicting the primitivity of u. The solution of the system for A = 1 
is a = c + d, b = — c, c = c, d = d. This solution satisfies the other 
two Equations of (2.1). So the elements of y-class are of the form 

(c+d)a-c |— | 
ca+d 

Now we are in a position to state the theorem which establishes a 
relationship between a and a 1 whenever Q(a) = Q(a'). 

Theorem 1. If a is a root of the irreducible equation x 3 — kx 2 + (k — 
3)x +1 = and a 1 is a root of the same irreducible equation except k 
is replaced by k' then Q(a) = Q(et') if and only if a' is of the form 
^ta+d~ C or a i" s °f the form ( - c ^° d ~ c for some integer values of c and 
d, not both zero. 

2.1. Relationship between k and k! when Q(a) = Q(a'). Hence 
we will answer the next question about simplest cubic field. First we 
will find the equation satisfied by any element oo = ^— ^ of the simplest 
cubic field Q{p) where p is the root of the equation x 3 — kx 2 + (k — 
3)x+l = 0. The representation of uj as a linear combination of {1, p, p 2 } 
obtained by the method of indeterminate coefficients is given by 

a\p + bip + ci 



* 



where 



ai = (—c(bc — da)) 

b x = ((ck + d)(bc - da)) 

c\ = [ac 2 — be 2 k + 36c 2 — bdek — d 2 b) 

= (- c 2 kd + 3c 2 d-d 2 ck-d 3 + c 3 ) 

are rational integers. Then equation satisfied by u is: 

3 2 / 2bdck + 3d 2 b + bc 2 k - 3ac 2 - 3bc 2 + kd 2 a + 2ckda - Qcda 
+ Z 1 -c 2 kd + 3c 2 d - d 2 ck -d 3 + c 3 




-3ca 2 + cb 2 k - 6cba + Icbka + Ibdka + a 2 kd + 3db 2 - 3a 2 d 
—c 2 kd + 3c 2 d — d 2 ck — d 3 + c 3 
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Equation satisfied by elements of y-class can be obtained by putting 
a = c + d, b = — c in above equation 



z 3 - z 2 t + z(t - 3) + 1 = 0, 

where t is given by 

t _ 9d 2 c + c 3 k + 9c 2 d - 3d 2 ck - kd 3 
—c 2 kd + 3c 2 d — d 2 ck — d 3 + c 3 

The following three elements 



,(c + d)a — c. , ,da — (c + d) .. —ca — d 

W={ : ),W=(- ),W — (- -. -) 

v ca + d ' y (c + d)a-c' y da-(c + d)' 

are the roots of the Equation 3.2. Hence if a is a root of x 3 — kx 2 + 
(k — 3)x + 1 = and a is a root of the same equation, except k is 
replaced by k, such that Q(a) = Q{a!) then the relationship between 
k and k' is given by 

, , 9d 2 c + c 3 k + 9c 2 d - 3d 2 ck - kd 3 
—c 2 kd + 3c 2 d — d 2 ck — d 3 + c 3 

From now onwards, we shall write the above relation between k and 
k' as k! = T(c, d, k). 
Hence we can state: 

Theorem 2. If a is a root of the equation x 3 — kx 2 + (k — 3)x +1 = 

and a' is a root of the same equation, except k is replaced by k! , then 
Q(a) = Q{a!) if and only if k' = T(c, d, k) for integers c and d not both 
zero. 

We define a relation R on set of rational numbers as aRb if there 
exist integers c and d such that k! = T(c,d,k). It can be easily seen 
that the relation R is equivalence relation. Hence, 

Theorem 3. There is one-to-one correspondence between the equiva- 
lence classes of R and distinct simplest cubic fields and vice versa, with 
the exception of one equivalence class {k : k = ^ g ~^ + p^ - , for some 
integers p and q such that O^p^g^O}. 
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